DEPARTMENT OF

UNIVERSITA JEDESNEON
DEGLI STUDI Y SR N\L ECONOMICS AND STATISTICS
DITORINO  [af Jhucpe 12 WORKING PAPER SERIES
A RN ENaS 7'.‘_?‘:,',. 3 \_«. Quaderni del Dipartimento di Scienze
SR Economico-Sociali e Matematico-Statistiche

ISSN 2279-7114

Founded in 1404

CRRA UTILITY MAXIMIZATION OVER A FINITE
HORIZON IN AN EXPONENTIAL LEVY MODEL
WITH FINITE ACTIVITY

STEFANO BACCARIN

Working paper No. 92 - April 2024



CRRA utility maximization over a finite horizon
in an exponential Lévy model with finite activity

Stefano Baccarin
Universita degli Studi di Torino, Dipartimento di Scienze Economico-Sociali e
Matematico-Statistiche, Corso Unione Sovietica 218/bis, 10134 Torino, Italy

Abstract

We study a dynamic portfolio optimization problem over a finite
horizon with n risky securities and a risk-free asset. The prices of
the risky securities are modelled by ordinary exponentials of jump-
diffusions. The goal is to maximize the expected discounted utility
from both consumption up to the final horizon and terminal wealth.
We prove a verification theorem that characterizes the value function
and the optimal policy by means of a regular solution of a HJB partial
integro-differential equation. The verification theorem is used to obtain
closed-form expressions for the value function and the optimal policy
considering CRRA utility functions U(z) = %7 with p < 1A p # 0,
and U(x) =Inz.
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1 Introduction

We consider a portfolio problem where the goal is to maximize the expected
discounted utility coming from both consumption up to a fixed horizon T'
and terminal wealth at 7. The agent can trade n + 1 securities, a risk-free
asset (bond or bank account) and n risky stocks. Consumption up to T’
and terminal wealth are competing objectives and the investor has to find,
at any time ¢ € [0,7], the optimal trade-off between immediate consump-
tion and investment. We consider a small investor, whose actions cannot
affect the market, and we model the market prices as ordinary exponentials
of jump diffusions with finite activity (as in the Merton [9] and Kou [7]).



To compare the value function and the optimal policy with and without
the jumps we do not formulate the jump part of the log-prices as martin-
gales. Adding to the diffusion component a compensated Lévy process has
an effect on the optimal policy similar to an increase in the volatility of
the diffusion. As shown in [5] in a two assets model, the result is a de-
crease in the value function and in the fraction of wealth invested in the
risky assets. However if the added process is a compound Poisson process
the result on the optimal solution is not determined, we show that it varies
with the model parameters. We analyze a model with constant coefficients,
also including coefficients which measure the intensity with which the jumps
coming from a set of independent compound Poisson processes influence the
asset prices. To ensure that the agent’s wealth remains positive in the pres-
ence of the jumps shortselling and borrowing are not admitted. We prove a
verification theorem which characterizes the value function and the optimal
policy by means of a sufficiently regular solution of a HJB partial integro-
differential equation. Using the verification theorem we solve the model
considering power utility U(z) = %, with p < 1 A p # 0, and logarithmic
utility U(z) = Inz. Our simple assumptions let us obtain closed-form ex-
pressions for the value function, the optimal consumption-investment policy,
and the optimal wealth process. The results are first given for a two assets
model and the extended to many assets with little difficulties. In [1],[2],[3],
[6] the portfolio problem is formulated with infinite horizon where the goal
is to maximize only the expected discounted utility of consumption. The
prices are modelled by geometric Lévy processes and the value function is
characterized as the unique constrained viscosity solution of a HJB integro-
differential variational inequality associated to a singular stochastic control
problem. Benth et al. [1],[2], incorporate in the utility function the notions
of durability and intertemporal substitution and Framstad et al. [6] and De
Valliere et al. [3] study the model in the presence of proportional transac-
tion costs and more general conic constraints. Nutz [10] and Egorov and
Pergamenchtchikov [4] consider a finite horizon problem where the agent
maximizes the expected, but not discounted, utility from both consumption
and terminal wealth using a power utility function. In [10] it is shown, under
minimal assumptions and any convex set constraint on the portfolio, that
the optimal proportions invested in the risky assets are constant over time
and the optimal consumption rate is always a deterministic function. In [4]
a general verification theorem is proven with a risk parameter 0 < p < 1 and
an asymptotic method is developed to compute the solution in the presence
of proportional transaction costs.



2 The model

The price P; of the i-th risky security is modelled by an exponential Lévy
process (i =1,...,n)

Pi(t) = pie"®)
where L;(t) is a jump-diffusion whose jump component is a superposition of
indipendent compound Poisson processes

dL;(t) —azdt—l—Za”dB +Z/mszk(dt dz), Li(0) =0 .
7j=1 k= 1p

Here {B;} are standard Brownian motions in R, { N}, } are the jump measures
coming from ! compound Poisson processes 1;, with finite Lévy measures vy,
and the coefficients «a;, 0;;, v, are constants (j = 1,...,d;k = 1,...,1). All
the processes Bj, 7, are defined on a common filtered probability space
(Q, F, P,IF}), verifying the usual assumptions, and they are all mutually in-
dipendent and adapted to F;. The compound Poisson processes represent [
independent sources of risk which cause sudden and possibly large jumps in
the asset prices: the coefficients 7,,, measure the magnitude and direction
with which the jumps influence the individual securities. We denote by Ag

the intensity of the compound Poisson process n;, and by [ its jump size dis-
!
tribution. We have v, = Agly and v = ) vy is the Lévy measure common
k=1
to all L;. Moreover we also assume that the measures vy, verify

/ P (dz) < oo VBeR, k=1,..,1. (H)
|z|>1

Assumption (H) holds if the [ are normal distributions. It is obviously
verified if the [; have finite or compact support (this last condition does not
seem too restrictive for applications). We will use the following notation (T
denotes transposition)

T

a = [at, .ol o=l0i;] R 6T =041, ..., 004, 7 = [vi;] € R™*!

Lo 2 . T - s ST
pi = it gloil”s = p = =gl 0= iy e fin)
We assume that the matrix oo’ is positive-definite. By Ito6 formula P; is

the solution of the stochastic differential equation

l
dP;(t) = P,(t7) |pdt + o dB(t) Z [(e7ikx — 1) Ny (dt, dzy) 1)
k=1R

Pi(0) = p;



where B(t) is a d-dimensional standard Brownian motion. The price Py(t)
of the risk-free asset grows at a fixed instantaneous rate r

APy (t) = rPo(t)dt
AO)=1. 2)

We denote by S;(t) the amount of money invested in the stock i and by
R(t) the amount of money invested in the risk-free asset. The value of
the portfolio, which is equal to the investor’s wealth, is W(t) = R(t) +
n

> Si(t) and we use m;(t) = S}E?) to denote the fraction of the portfolio’s

value invested in stock i. We will assume that at any time ¢ the investor
can control the value of m(t) = [m1(t),...,mn(t)]7 by trading the securities,
without transaction costs or other market frictions. Moreover at any time ¢
the agent consumes at a positive wealth consumption rate ¢(¢). We denote

by €7* the matrix
eV = [e%m] e R

by e]” its k-th column and by 1 the n-dimensional all-ones vector. Consid-
ering the prices dynamics (1),(2) the evolution of wealth W/, controlled
by policy p; = (74, ¢) : [0,T] x Q — R*1 is described by the equation

AW = WE(r+ pTm — e)dt + WErl odB, + 3
_’_WtﬂcZ/ﬂ.t Nk(dt de;)
k=11

Let IT C R™ be the set (0 is the all-zeros vector)

H—{WER”:WZO/\ZWZ-SI} .

i=1

A control p = (m, ¢) is called admissible if it verifies the conditions:



1. m¢, is left continuous with right limits and adapted to Fy

2. m, € I, Lebesgue x P a.e. in [0,T] x §2

3. ¢t is Fy — adapted

4. ¢ > 0 and ¢; € C, with C compact, Lebesgue x P a.e. in [0,T] x Q .

Condition 2 means that shortselling and borrowing are not admitted and
it is sufficient to ensure that wealth remains positive after the jumps. By
It6 formula applied to In W, the solution of (3) is given by

¢
1

W™e(t) = W™(0)exp /(r + fms — ¢ — iwfaaTﬂs)ds—F

0

to

/w odB,_ t—i—/Z/ln (14 7L (e)* — 1)) Ny(ds, dz)

0 0 k=1g

and W™¢ stays positive if W™¢(0) > 0. Moreover, always by Ito formula,
y(t) = ﬁ verifies the equation

dy(t) = —yt)[(r+ pTry — ey —wlooTny)dt + WZJdBt] (4)

Z/( T 172, 1)>Nk(dt,dzk)

Conditions 1-4 on (m,c), assumption (H) and the linear form of equations
(3),(4) are sufficient to ensure that for any p > 0 we have

p

Ew [[WT™()|IP < oo and EyllyO)IIP = Ew < 00

s

where |||| is the sup norm on [0,7] (see Menaldi [8], chapter 5). The set of
admissible controls in ¢ = 0 is denoted by A(0). The goal of the investor is to
maximize the expected utility from both consumption up to the final date T'
and terminal wealth at 7. She/he has two utility functions, U; : (0,00) — R
for the consumption flow C(s) = ¢(s)IW™¢(s) and Us : (0,00) — R for the
terminal wealth. We assume that U;, U are continuous on (0, 00) and they
both verify a growth condition

Ui(z)] < C(1+ |2[™), i=1,2



for suitable constants C' > 0, m € R. We consider the following payoff
functional J™¢(W) associated to policy (m,c) € A(0) and initial condition
W = W™¢(0)

T
J"(W) = Ew / e UL [e(s)W™(s)] ds + e T Upy(W™C(T))
0

where ¢ is a common utility discount rate. The investor’s problem is to find
M and, if it exists (7%, c*), such that

M= sup JO(W)=J"(W).
m,c€A(0)

We will study this problem by dynamic programming. Let us define
Q=10,7) x (0,00) and Q = [0,7] x (0,00). We consider J as a function of
the initial condition (¢, W) € @

T
Tt W) = By / 3D, [o(s)W™(s)] ds + e~ T-DT, (W™e(T))
t

and we introduce the value function V : Q — R

Vi, W)= sup J"(t,W). (5)
m,c€A(t)

Here, for any ¢ € (0,7), the reference probability system is given in the
interval [t,T] and A(t) is the set of policies admissible in ¢, that is the
processes T, cs which verify conditions 1-4 for s € [¢t,T]. The following
verification theorem characterizes the value function as a regular solution, if
it exists, of a HJB partial integro-differential equation. We use the notation
Ft(: %I);, Fy = g—g,, Foyw = % for the partial derivatives of a function
F(t,W).

Theorem 1 Let F(t,W) € C(Q) N CY%(Q) be a given function. If F veri-

fies:
a)|F(t, W) < C(1+W™) in Q for suitable constants C > 0 and m € R
(growth condition for W | 0 or W — o0)

b)F(T, W) = Uy(W)



¢) Sup {-6F+F+Fy(r+i't—c)W+ iFRywW?rlooln
well,ce(0,00)

+k2l:11k[[F(t7 W(l+ WT(eZZ —1))) — F(t, W)]ur(dzx) + Ul(cW)} =01 Q

then FF >V.

Moreover suppose that for (t, W) € @ there exists an admissible control
(7*,¢*) € A(t) and corresponding wealth process W™ " (s), with initial con-
dition W™ ¢ (t) = W, such that

(6)

(7*(s),c*(s)) € argmax {—5F(5, W”*’C*(s)) + Fi(s, W"*’C*(s))
H(r + pTat(s) = ()W (s) Fw (s, W™ (5))
+%(ZW”*’C* (s)2m*(s) oo n*(s) Fyww (s, W <" (5))
+ 30 JIF(s, Wre(s)) (L +7%(s)T(ef” = 1))) — F(s, W™(s7))]vk(dz)

k=1R .
+Ui(c*(s)WT™ ¢ (s))}

holds Lebesquex P a.e.in [t,T] x Q. Then the control (w*(s), c*(s)) is optimal
for the initial condition (t, W) € Q, that is

V(t,W)=F@t,W)=J"<(tW).

Proof. Let (t,W) € @ be the initial condition, @, be the bounded set
Q= [t,T] x (0,7), and 0, the stopping time

O, =inf{s>0: (s, W™(s) ¢ Q,}.

For any given (m,c) € A(t) we apply the It6 differential rule to
e 0= (s, IW™¢(s)), integrated from t to 6, < T. Using the notation

ALF (W, m) = F(t, W(1+ 71 (e)* — 1)) — F(t, W)



we have (considering also assumption (H))

e~ O =6, W0,)) — F(t, W) =
0,

= %fef W=D F (s, W™(s)) + Fy(s, W™¢(s))]ds +
0,
+ [ €060 (e 4+ i (s) — e(s)) W™ (s) Fw (s, W (s))]ds +
+f 0L (Wme(s))2m(s) oo m(s) Fww (s, W™<(s)ds +

!
f {Z [ ARF (s, W™¢(s7), W(S))Uk(dzk)}ds—l—

+?e =B Fyy (s, W™(s))W™¢(s)n(s) odBs +
+ efy‘ef‘s(sft) { Zl: J ARF(s, W”’c(s),w(s))Nk(ds,dzk)} )
t k=1R

where N(dt,dz;) is the compensated jump measure of 7. Since Q, is
bounded and F(t, W) € C(Q) N CH2(Q) the last two terms in (7) are mar-
[%

tingales. Hence adding to both sides fe_5(5_t)U1 [c(s)WT™<(s)]ds, taking

t
expectations and using condition c¢) of the theorem we obtain

[f 0T | <>Ww<s>]ds+e<9rt>F<er,W:’C<eT>>] < F(t,W)

YV(t, W) e, Vre At) .
(8)

Asr — oo, 0, — T almost surely. Since F' € C'(Q) and using condition b) we
get e~ OO, W™(0,)) — e TOF(T,W™(T)) = e~ T=U(W™(T)
a.s.. Moreover by condition a)

|E (0, WT(0,))] < C(L+ [[WT()II™)

where |||| is the sup norm on [¢t,T]. As

p

Eqw) W™ ()P < o0, Egw) < 00 ¥p >0

[

if we take p > |m| and o = h% > 1, it holds E yy [F (0., W™¢(0,))|" < oo,
whatever the sign of m. Therefore the random variables e~ Or=Y F(9,., W™°(8,.))



are uniformly integrable and we have

lim B e O F (0, W(6,)) = Bwye " F(T, WT(T))

r—00

Hence by (8) and the admissibility of ¢(s) it follows

T
F(t,W) > Egw)l / e 060 [e(s)W™C(s)] ds + e TV (T, W™¢(T))]

t
T

= Buw)l / e DU [e(s)W™(s)] ds + e~ T DUy (W™(T))]

for any admissible (7, c) € A(t) and V(¢,W) € ). Consequently we obtain
F(t,W) > V(t,W). If there is a policy (7*,¢*) € A(t) and corresponding
wealth process W™ < (s), with W™ ¢ (t) = W, which verify (6) a.e. in
[t,T] x £ then (8) becomes an equality and since we have F'(t, W) > V (¢, W)
it follows (as r — o0)

T
F(t,W) = Egw)| / e UL (e ()W (5))ds + e TOU (W (T))
t
= JE,W) =V, W).

[

In some cases Theorem 1 allows to determine the value function and
the optimal policy with closed-form expressions. In the following we will
assume U; = Uy = U and we will focus on constant relative risk aversion
utility functions.

3 Two assets and power utility

We have U(z) = ’”—:, with p < 1Ap #0, 7 € [0,1], 07 = [o1,...,04] € R?,

a€R p=a+3 0%, io=p—7r, 7" =[v1,...,7] € RL. Let us consider the
function ¢ : [0,1] — R

l
g(m) =p—(1=p) o+ /(1 + (e — 1)) 70 (e — oy (dzy) -

k=13
(9)



We have

k=1
g(1) = (1—p ‘0’ +Z/ (eP %k — e —(1- P)’Ykzk)vk(dzk)
k=11
S = (Pl + Y [ (@ - ) (n — 1Pu(da)
k=1p

and ¢'(7) < 0 because p < 1 and 7 € [0,1]. We define

0 ifg(0)<0
=< 7® ifg(0)>0Ag(1)<0
1 ifg(1) >0

where 7 € (0, 1) is the only solution of g(7) = 0 when ¢g(0) > 0 and g(1) < 0.
We also define

A= O-plrtim—5(1-p)lof*( p2 D{( 1+ (eh2k —1))P —1)vy, (dz)
=
= if g(0) < 0
5—plr+im—L (1—p)lol( é;g (7 (€762 —1))P —1)og (d23)
= f 0

if g(0) > 0,9(1) < 0
5 p(i—(1-p)o2)= 35 [ (ePT7k 1)y (dzy)

\ — if g(1)>0 .

Using Theorem 1 we can characterize the value function and the optimal
policy. They will depend on the signs of ¢g(0) and g(1).

Theorem 2 The value function of our control problem considering power
utilities Uy (x) = Us(x) = %, with p < 1A p #0, is given by

V(W) = (f(t))l‘”W;p (t.W) €@

10



where

1+T —t ifA=0
f(#) {

LperAT=H1-L) fA#£0
The optimal policy p*(t, W) corresponding to the initial condition (t, W) is

{ T™(s) = 7*
p*(t, W) = s € [t,T]

and the optimal wealth W™ <" (s) is given by the process for s € [t, T

W (6) = HAW exp {(r 4 fim* — A)(s — 1) — 32 [of? (5 — 1)

I s
+7*0TBs_y + Y. [ [In(1 + *(e7x* — 1))N(dr, dzk)} .
k=1t R

Proof. We look for V' among functions of the form

F(t, W) = (f(t))lpm;p with f € C1[0,T], f(t)>0.

F € C(Q) N CY%(Q) and it satisfies condition a) of Theorem 1. Setting
f(T) =1 it also satisfies condition b). We have

GEt W) = (1=p)(f(0) (), G5 (&, W) = (f()'—PW =070 >0

BL (W) =—(1—p)(f(t) W= <0.

oW?
For given (¢,W) € ) we consider the function G(w,¢) : [0, 1] x [0,00) — R
OF = OF 1 9°F
— g &9 o L 21 12 2 1
G(m,c) OF + o + 8W(T+mr )W + 28W2W lo|” 7 (10)

l p
+Z/[F(t7 W (14 m(eVe®k — 1)) — F(t, W)]’Uk(dzk) n (cW) '

k=13

Substituting the values of F' and its derivatives in (10), we obtain

Glme) = —6<f<t>>1-pvzp . p)(f(t))‘”f’(t)m:)p (11)
H) WA ot fim — W — (1= p)(F(1) PP o7
l
S [l aen - )y - guda) + L

k=17

11



Considering the first order necessary conditions to get a maximum of G (and
dividing by (f(t))!=?W*) we have

g—f:O@g(ﬂ):O

oG _ _ 1
%—O@C—m.

Since g%‘ = WP(f(t)=*g' (r) < 0, %? = —WP(1 — p)c=®P) < 0 and
gjgc = 0 we see that the maximum of G in [0,1] x [0, 00) is achieved at a

single point which is given by

(0,75 ifg(0) <0
argmax G(m,c) = (7*,c) = (7, ﬁ) if g(0) >0Ag(1) <0

() itg)=0.

It is important to note that 7* never depends on ¢t or W. Considering the
maximizing (7*, c¢*) condition c) of Theorem 1 becomes

G(r*,c*) = 0 V(t, W) € Q. (12)

Substituting (7%, ¢*) in (11) and dividing (12) by %(f(t))_p we obtain

—5f () + (1= p)f'(t) + pf (Ol + o™ = 5551 = 30(1 = p)f(2) |0 (7*)?
+£(¢) é J((@+ 7*(eM* —1))P — Dvg(dz) +1=0 Vt e [0,T]
k=1R

that is the differential equation
fiit)=Aft) -1 t€[0,T7]. (13)
If f(t) is the solution of (13) with final condition f(7") =1 then
F(t,W) = (f(t))l_p¥ verifies condition a)-c) of Theorem 1 and we have
(f(£))' =72 > V(t,W). The solution of (13) with final condition f(T) = 1
is
1+T -t ifA=0

ft) =
L4e AT - L) ifA£0.

12



Note that f(t) > 0 in [0,77] since if A # 0 we have f(0) = & +e 4T (1 — &),
f(T) =1 and f'(t) = e AT (A - 1). Moreover the policy
T™(s) =7*
p*(t, W) = s € [t,T)
* _ 1
<($) = 7

is admissible and the corresponding wealth process W™ ¢ (s) in s € [t, T] is
given by

W (5) = Wexp { (r + im*)(s = £) = [} ghydr = §(x*)? o (s = )

s 1
+7* 0T By + [ > [In(1 + m* (e — 1))N(dr, dzk)} :
t k=1R

By construction p*(¢, W) verifies (6) of Theorem 1, that is it is optimal for
the initial condition (¢, W). It follows

4 *
V(W) = (F0) 2 =7 (1)
Since
. In 1= if A=0
/ dr = —A(T—t)
e J(r) A(s — t) 4 In =1 if A#£0

LH(A_1)e—AT—5)

the optimal wealth process is equal to

f®)

s 1
+7*0 T Bs_t + [ > [In(1 + 7*(e?%* — 1))N(dr, dzk)} .
t k=1R

W () = J3W exp { (1 + o — A)(s — ) = §(*)? |o* (s — 1)

]

As in a Merton’s model without price jumps the optimal proportion of
wealth invested in the risky asset is constant. The optimal consumption
rate c*(s) = ﬁ is equal to one at 7', it is decreasing in [¢,T] if A > 1,

I
increasing if A < 1. If g(0) < 0, that is if g < > [(1 — "% )up(dzg), it

k=1R
follows 7* = 0. The risk sources coming from the [ jump processes are so
high that the investor buys only the risk-free asset. We have A = 61_%; and

A=0if 6 = pr. We obtain (t < s <T)

Wﬂ-*’c*(s) _ .L};‘((j)) We(rfA)(sft) )

13




If g(1) > 0, that is if 4 > (1 — p) |o|* + Z [ (e =Pz — ePTu2k Yoy (dzg) it
k=1R
follows m* = 1. The risk premium /i is sufficiently high with respect to the

price volatility and the risk coming from the jumps that the investor buys
only the risky security. We have

A= 518 = ol = 31 = ) o) = X (et = ()

!
and A=01if 6 = p(p— (1 — p)lol®) + > [ (eP7k# — 1)y (dzy). We obtain
k=1R
(t<s<T)
l Nk S— t

W’T*vc*(s):i;((‘;)WeXp (n—A)(s —t) + " B t*Z TZ

If g(0) > 0 and ¢(1) < 0, that is if
I
> [a-ewnuda) < i< 1-p)lo] s [t ey g
R k=1Rg

it follows 0 < 7* = @ < 1. This is the most interesting case when the
investor buys both securities. To compute the value of 7 it is necessary to
solve the equation g(m) = 0, possibly by numerical methods. We have

!
§ — plr + am — %(1 —p) ]U\ — > J((X +7(e7¥* —1))P — 1)vg(dzy)
A= PELR

—1
I—p
and A =0 if

§ = plr+ 7 — 51 = p) o (7) +Z ((1+ 7 (™™ = 1)) = Loy (dz) -
k=

%a\_\ﬁ

H

The optimal wealth process is (t < s <T))

W (5) = FEAW exp {(r + i — A)(s — 1)

—3(@)?|of? (s—t)+fraTBs_t+f z [In(1 4 7 (7w —1))N(dr,dzk)}.
t k=1R

Apart from the same form for the value function and the optimal policy
the values assumed by 7%, A and f will depend on the size distributions I,

14



the intensities A of the jumps and the values assumed by the other model
parameters r, o, o, p.

An interesting example is when the jumps are normally distributed, that
is the Lévy measure v has density

1 (zk — mk)2
vg(dzg) = A exp(— dz
k(dzk) W p( 202 )dzk
It holds (8 € R)
292
0
/eﬁz’“vk(dzk) = A\ exp(ﬂ2 E 4 Bmy)
R
and assumption (H) is verified. We have ¢(0) > 0 if
l 16k
> A1 — exp( k2 + Yem)) (14)
k=1
and g(1) <0 if
i< (1=p)of (15)
!
1— 2 292 2 202
+ Ak[exp((p;%”“ — (1 = p)ym) — exp(ZHEE 4 oy )],
k=1

If the processes n;, are identically distributed with the jump size a standard
normal distribution, that is

1
vE(dzg) = A e 2dz Vk=1,..,1 16
k(dzy) N (16)
(14) and (15) are simplified to
! ~2 9 ! (1-p)242 0242
MDY d—e?)<p<@=p)lof+A> (e 2 —ez)
k=1 k=1

In the absence of the jumps (or if v, = 0, Vk) the agent buys both securities
if 0 < i < (1—p)lo|* and the optimal fraction of wealth invested in the
stock is given by my = m, the Merton proportion. We cannot say
a priori if in the presence of the jumps the optimal proportion 7@ will be

15



greater or less than 7y, it depends on the model parameters. For instance
if v, = v # 0, Yk and (16) holds true we have

9(0) = i+ M(eé -1)
g(1) = p—@1—p)lof +Ii\e

2 2 2.,

p; (1_ew (12 2p))] .

Denoting by g.(7) = ji — (1 — p)|o|? the function g without the jumps it
follows ¢/(m) < g, () and for 3 < p < 1 sufficiently near to 3 we have

g(0) > g4(0) >0
ga(1) < g¢g(1)<O0.

Therefore we obtain 7 > s, that is in this case if the agent is sufficiently
risk tolerant he/she invests more in the stock with the jumps than without
them, for all values of v # 0. On the contrary increasing the risk aversion
for p — —oo we have

e’ —1
lim g(ry) = lim I / T o(d2) (17)
e pmme ) (1 MO0
vz _
= l/ ¢ ! v(dz)
xpl fx(e — 1)
IA o7 1 1— e 2

|

|
~—

9
|

vl

IS

N

If for instance % > % it follows

e —1 1—e 7%
- — - <0 Vz#0
exp(L5(e7* — 1)) exp(#(e"” -1))

lo]

and the integral in (17) is certainly negative. When p has a sufficiently large
negative value it follows T < ms because ¢'(7) < 0. Therefore in this case
if # > % and the agent is sufficiently risk averse he/she invests less in the
stock in the presence of the jumps than without them, for all values of v # 0.

4 Two assets and logarithmic utility

Now we consider

Ul(.’L') = UQ(.T) =Inz

16



and by the same reasoning of the previous section we obtain a theorem
equivalent to Theorem 2. We define g : [0,1] — R

ek — 1

g(x) = i~ |of? 7r+2/1+ww,€_1> k(=)

which corresponds to set p =0 in (9). We have

g(m) = —|0|2—Z/<1+€7:Z:k;1_1)>2vk(dzk)<0
=1R

k=1
and we set
0 ifg(0)<0
= 7 ifg(0)>0Ag(1) <0
1 ifg(1)>0

where 7 € (0, 1) is the only solution of g(7) = 0 when ¢g(0) > 0 and g(1) < 0.
We also define

1
T e I oY IS}
k= IR

Theorem 3 The value function assuming Uy(z) = Ui(x) = Inx is

V(W) = p(t) In 4 g(t) (£ W)€

p(t)
where
p(t) = %(1 _ ATy 4 —T0)
o) = —A| 51— T 4 (- et T - )

17



The optimal policy p*(t, W) corresponding to the initial condition (t, W)
(s) = *
pr(t, W) = s € [t,T)

and the optimal wealth W™ " (s) is given by the process, for s € [t,T]
wmff@)=E%ﬂmxp%r+ﬂw*—®@—w>—l<ﬂ%aﬁw—w>

+r*0T By_y + Z ffln (1 + 7*(e’** — 1))N(dr, dzk)}
=1t R

Proof. We assume V of the form

w .
F(t,W) = ()lnp()—i—q() with

p(t),q(t) € CHOTY, p(t) >0, p(T) =1, ¢(T)=0.

F € C(Q) N CY%(Q) and it satisfies condition b) of Theorem 1. It holds
|F(t,W)| < C(1+ 7 + W) in Q for suitable constant C and condition a) of

Theorem 1 can be replaced by this condition. We have

OF  _ w <an = 1) +q(t)

ot p(t)
oF _ p(t) *F _ p(t)
ow — w % ez w0
Inserting the values of F' and its derivatives in
OF OF 1 0°F
= _SF il i ~ 2 2_2
G(m,c) OF + 5 + 8I/V(r—i-/ur W + 28W2W lo|” 7
+Z/ (t, W(1+7m(e"%* —1)) — F(t, W)]vg(dzx) + In(cW)
k=1p
we obtain
w w
G(m,c) = —p(t)In—— —dq(t) +p'(t)In — — p(t
(,¢) (1)In 5 — ba(t) + /(1) n o5 /(1)

+ﬂw+p@w+ﬂw—@—§mwwﬁﬂ

l
Z/ln (14 m(e**F —1))v(dzg) + In(cW) .
h=1%
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Considering that
1

5;—0@:9() 0 8C—O¢:c—ﬁm
2 2
ng - p(t)gl( ) 0, %cg; - _ﬁ <0, gﬂac 0

we see that the maximum of G in [0, 1] x [0,00) is achieved at the single

point
(0.75) ifg(0) <0

argmax G(m,c) = (7%,c") =< (7, %) if g(0) >0Ag(1) <0

(L k) ifg(1)>0.

Injecting (7*, ¢*) into G(m, ¢) we obtain

/ W /
(t) +1]In O dq(t) —p'(t)

4 (8) + P+ ) 1~ 5p(0) o (n°)?

l
+p(t) /ln(l + (e — 1))vg(dzg) -
k=15

G(r*,c) = [=op(t) +p

The optimality condition G(7*,¢*) = 0, V(t, W) € @, implies

—dp(t)+p'(t)+1=0
b= () +d'(t) + p(t) (r + im*) = 1 = §p(t) |o]* (7*)? (18)
> Iéln(l + ¥ (e — 1))vg(dzg) =0 .

The solution in [0,7] of —dp(t) + p/(t) + 1 =0 with p(T) =1 is

1
p(t) = =(1- e 0Ty 4 70Tt 5 ¢

Setting

l
1
|0'| Z/ln (1 + 7" (e"** — 1))vg(dzk)

A=6—r—pr* +
k=1p
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the second equation in (18) can be written
q'(t) = dq(t) + Ap(t) . (19)

Since

/e‘”p(t)dt = —512(3‘” +te 0T(1 - %) +C

the solution of (19) with final condition ¢(7') = 0 is

g(t) = —A [512(1 e S0y (T e T (1 — %) |
Moreover the policy
*(s) = 7*
pr(t,W) = s € [t,T]
c*(s) = ﬁ

is admissible and since by construction it verifies (6) of Theorem 1, it is
optimal. Therefore

w o
V(t, W) = p(t) lnm +q(t)=JP (t,W) .

Sir: s — nw
| i =t +m s

the optimal wealth process is equal to

Given that

W () = ZEW exp {(r + = 6)(s —t) — 3(a*) ol (s — 1)

s 1
+7*0 T Bs_t + [ > [In(1 + 7*(e7%* — 1))N(dr, dzk)}.

t k=1R

[

With logarithmic utility the consumption rate c(t) = Wlt) depends only
on ¢ and it is increasing for realistic values 0 < § < 1. Considered in [0, 1] xR
the function

g(m,p) = ji—(1—p) o) 7r+2/ (14w (e — 1))~ =) (W02 — 1)uy(dzp,)
k=1p
dg

verifies 57 < 0, g—g > 0 and thus the optimal proportion 7*(p), defined by
g(m,p) = 0, is a decreasing function of the risk aversion parameter 1 — p.
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Therefore the logarithmic utility optimal proportion 7*(0) is greater than
the power utility proportion 7*(p) if p < 0, smaller if 0 < p < 1. The
optimal policy and wealth with logarithmic utility depend on the signs of
9(0) and g(1) with the same interpretation, in terms of jump risk and model
parameters, to that given for power utility.

5 CRRA utility and many assets

From a theoretical standpoint the extension of the model to n risky assets is
not difficult. We still look for a wvalue function of the form
F(it, W) = (f(t))l_p WP in case of power utility and of the form
F(t,W) = p(t)In o@® T q( ) in case of logarithmic utility. If we consider

Ft,W) = (f(t)'~ pm;p the function G(m,c) : IT x (0, 00), becomes

Glmo) = —6<f<t>>1—pvzp+<1—p><f<t>>—pf'<t>vzp (20)

F(FN WP (4 fum — )W
—%(1 O Al

" pZ/ (77 (7 = 1)~ on(dz) + E
k=1%
We have (i,j = 1,...,n)
9 (1, ¢) = f(t)\ WP {ﬂi (1= p)oTo"n
+ Elf ST (e — 1)) P (e — 1)Uk(dzk)}
E=1R
afj@G,rj (m,¢) = —f(t)l_”Wp(l = p) x {(0’170’3‘)
!
+> Jd = 1)) (e — 1) (eMh — 1)Uk(d2k)}
k=1R
%—(3(77 c) = —WrPft)=r + Wee(-r)
G (m,c) = —Wr(L = p)e= ), G (m,c) = 0

We can prove that G(m, ¢) is strictly concave in its domain and therefore that
there exists a single maximum (7%, ¢*) of G in II x (0,00). Since we have
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%20?(77 ¢) < 0 and aa 8C( ¢) = 0 it is sufficient to show that the Hessian

matrix of G, con81der1ng only the variables 7;, Hg(y), is positive-definite.
We have

Hg(ﬂ.):—f< )1 pr(l— g0 +Z/Mk
k=1p
where the matrix My, is given by
My (i, 5) = (1 + 7T (e)* — 1))~ @72 (Xir# — 1)(V3k —1) 4,5 =1,..,n.

By the linearity property of integrals and since f(¢)!?W*(1 — p) > 0 and

ool is positive-definite it is sufficient to prove that every M}, is positive

semi-definite (k = 1,...,1). This holds true because
n 2
o' Mz = (1+ 77 ()7 — 1))~ <Z x;(eVik*k — 1)) >0, VzeR"

The optimal c is always ¢* = m where aG (m,¢*) = 0. Inserting (7, c*) in
(20) we can repeat the proof of Theorem 2 Now we have

A~ Sl =2 (1—p)m oo Tat = 3 [(1+m°T (67 ~1)) i (d=)
k=1R

1—p

and the statement of Theorem 2 remains the same with many assets if we
consider fi, 7* € R, o € R"*4 and we replace ()2 |o|? with 7T oo n*
1+7* (e —1) with 14+ 7*7(e]* —1). To compute the optimal proportlons
7* it is possible to use the Kuhn Tucker necessary conditions which become
sufficient by the strict concavity of G(m,c). The Lagrangian function is

L\ m,c)=G(m,c)+ A (1 — im)
i=1

and the Kuhn-Tucker conditions are (i = 1,...,n)

and

gTﬁ( c) <A, (gg(ﬂ' c) — A)WZ—O caG( ,c)=0

7T7;ZO, <1_E7Ti>207 CZO

TFZ‘) = 0.
1
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The agent invests only in the risk-free asset if and only if (0 € R™ the all-
zeros vector)

%G,
Om

In fact the vector [\, w7, c] = [0,07, ¢*] verifies the Kuhn-Tucker conditions.
Given that

0,c") <0 Vi=1,..,n

oG

06 (0,61 = £ PW7 ¢ G+ Y (€5 ~ s

k=1

it must hold

l
< Z/ (eTik®k — Dug(dzg) Vi=1,..,n.
k=1

A sufficient condition for investing only in the risky securities is that there
exists an asset k such that

oG -
> : i = .
ot —(m,ec) >0 Vrm Eﬁ m=1

n
Indeed suppose 7 is optimal with ) 7; < 1, then 7, < 1. Setting
i=1

AT _ _ _ _ _
™ = [7'('17 cey M—1, Tk + - E T s Thk+1, 77Tn]

i=1

we have gf (f,¢) > 0. Since gQTg(Tr,c) < 0, Vr € II it follows that
k
oG

or.(7,¢) > 0 and 7 cannot be optimal. By the Kuhn-Tucker conditions

n
a portfolio 7* made only of risky securities, Y 7 = 1, with 0 < m; < 1,

i=1
Vi =1,...,n, is optimal if and only if (C' a constant)
gi(w*,c) =C>0 Vi=1,..,n

If there exists k such that 7, = 1 the necessary and sufficient condition
becomes

G oG oG

>0 and — > * Vi# k.
o, (7 2€) 2 0and 5 o(n%,0) 2 o (7, 0) Vi
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If U(z) = Inz and we consider F (¢, W) = p(t) In % + ¢(t) the function
G(m,c): II x (0,00) is

G(mc) = —dp(t)In p‘g) —dq(t) +p/(t)In pv(vt) ~ (1) +q )
+p(t)(r+ pfm—c) — %p(t)ﬂ'TO'O'Tﬂ'

l

Z/ln (14" —1))v(dzg) + In(cW)

k=1p

with

g—g(ﬂ,c) = p(t) x {M O'To'Tﬂ' + Z f mvk(dzk)}

2 l eVik? eVik?k
57?i£fj (m,¢) = =p(t) x {(U“U] 2 1{( (f+k¢rT1) Jl)) UUk(de)}

2 2
Ge(me)=—p(t) + 4 GE(me)=—%, gra(me)=0.

As before we can show that the function G(m,c) is strictly concave; there is
a single optimal (7%, ¢*) with ¢* = ( 5 Setting

1 vz
A=6—r—pr* +27T 0'0'71'—;/1111"-71' p = 1))vk(dz)
R

the statement of Theorem 3 remains the same with many assets replacing
()2 |o|* with m*Tooln* and 1 + 7*(e+* — 1) with 1 + T (e]” — 1).
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