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On the Probability that Nothing Happens-I|
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We analyze the probability that an isolated system (being a birth-cohort) remains unchanged along time, thus obtaining an
experimental survival probability which perfectly matches with the theoretical results found in part I.
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8.0.1 - We shall now try to apply the theory developed in part | of the previous paper, published in 2013 as
n.20 of this working papers series (Rossi, 2013), to an isolated system and to the probability that it does not
change.

8.0.2 - An isolated system is not only constituted by a permanent set of members, were they people, animals
or objects. An isolated system should have within itself all the relationships between its members and
especially all its evolution rules. Nothing must be outside it which influences it. This notion defines
something which is an abstraction from reality, which is obtained by giving importance to something and
disregarding something else. In particular if time is essential in the description of the system it must not be
subject to limitations that come from outside but only from within.

8.0.3 - We shall study here an isolated system that depends on time, that is a birth-cohort, and examine the
probability of its changing or not: in this context to change means to die and not changing means to survive.
The aim should be to analyse the survival probability of an individual, but this individual cannot be a definite
one, otherwise the study would be useless for everyone else. Then the individual must be identified as a
generic member of a group, so that the conclusions can be useful for every member of any group that can be
considered similar to the original one.

8.1 - A life table is an example of an isolated system that remains unchanged over time; indeed it provides
the framework for analyzing the mortality of a closed group, the life table cohort, that shares an initial
condition: the time of birtheyfitz, 1985) Death is the only cause of decrement in the gemg death

possible causes are uniformly present during the whole pématithe period ends when all the members

are dead. The extreme age is not imposed but comes out of the biological evolution of the cohort and can be
any time after its extinction; just for simplicity it is chosen as being one only and small enough.

8.2 - The approach to life table generally beging whe concept of the force of mortalit{x) of the survival
function S(x) i. e.the probability for a newborn to survive to ages(0)(S(0)=1) is the initial size of the
life table cohort.

The force of mortality is the instantaneous risk of dying at the exact age x

1 d d
px)= ——— —— S(x) = -——InS(x) [1]
S(x) dx dx

and it describes the proportional decline in the curvegtkis age.

Suppose (x) satisfies conditions
i) for eachx >0, /{x) > 0.

*Section 8.0 is actually due to Rossi.
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i) /u(t) dt =oo.

0
Since g#x) is continuous everywhere except finitely many points, [1] can be integrated

X
S(x) = exp (u(t)dt), x>0. 2]
0

i.e.
S(x) =0, S(0) =1,

lim S(x) =0, and y >x => S(x) > S(y).

X—00

then the probability that a newborn survivey {(given the newborn survived td is

J
exp (fu(t) dt)
0
p(xy) = [3]

exp (fu(t) dt)
0

[3] is an example according to previous conclusion 4.6; the logarithmic transformation of [3] in fact gives
an issue of a kind

G(x.y) =a(y) —9(x) [4]

9.0 - As an application of the approach developedthi& previous pages we may use the recent
reconstruction of the 1948 cohort life table (Maccheroni, 2011).

Such a work proved necessary because no official cohort mortality tables for the overall population exist in
Italy. There are two cohort tables (called RG48 and IP55, pertaining to the 1948 and 1955 cohorts) used by
Italian insurance companies to determine premiums. These life tables were made by ANIA, whick used th
demographic forecast of thRagioneria Generale dello Stato (RGS,19@8)arding RG48(1998); however

the mortality decline happened to be greater than predicted.

9.0.1 - Here we are going to present the main egidlia new 1948 cohort life table (fig. 1), which was
provided in a research that proposed some benchmarking in the construction of demographics to compute
premiums (Maccheroni, 2011). The cohort life table has been constructde dstat period life table
available during the years 1974-2008 (Istat, 2001) as regards the age group 26-60. The other two age groups
(0-25 and 61-102) have been provided respectively by a mortality reconstruction which covers the period
1948-1973 (Maccheroni and Locatelli, 1999) and by a mortality forecast up to 2050 (Maccheroni, 2011).

9.0.2 - This forecast is carried out with ttirae series method of Lee and CaftE992; the forecast model
has the form:

Me=exp(a + bk + &q) [5]



with m,, the observed age-specific death rate (number of deaths during age intervdl) per person-year
at the same age) overtimet (x =0, 1, ..., 102; t = 1974, 1975, ..., 2008) and the parameters:

ax the standard age-pattern of mortality; is.the average of the logarithm of,m

b, the age-specific pattern of mortality change,

k. the period effect,

e a set of random disturbances.

The parameterd, andk; can beestimated via singular value decomposition (SVD) of the mdtirixm, ; -
a, }; the first left and right singular vectors give initial estimated,aind k, respectively. To provide a
unique solution forb, andk two normalizations are required

ey =1 and k=0

The period effeck, has been modelled as a random-walk with drift (Lee and Carter, 1992) and the death
rates forecasts are made using [5] after computing the future vallke&+a2009,..., 205D

Death ratesm, are then usually transformed into probabilities that a person exaxtvéljelie within

one year g (Wunsch and Termote, 1978) by the relation,

2m
o = 0000 [6]
2+ m

g, arethe basis of the life table and they represent thbability that a person of exact ag®ill die before
attaining exact age x+1

Fig. 1 - Log-probabilities of death for the 1948 male
cohort
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9.1 - We thus construct a matrix£ 0, ... 102; t = 1948, ... 205®f probability of deattand the secondary
diagonal of this matrix describes therefore the mortality pattern of the 1948 cohort up to aysallp2zhe
method of Denuit and Goderniaux (2005) has been used in estimaéihgdyanced age$(3 and ovex



Figure 1 exhibits the probabilities of death for the 1948 male cobgidsd which are about the central
(median) scenario (the more probable one) given by the modéWifsiality in the first years of life is
typically much higher than in the immediately following years and fig. 1 shows that the abscissa of the first
Ow104s MiNimum  (fig. 1), which is also the global one, is at age 12. The abscissa of the other minimum is 27
years and between ages 12 and 27, where mortality is growing, there is the so-called accident hump, mostly
due to road accident traumas. After age 2fo4glincreases progressively.

Fig. 2 - Log-probabilities of survival for the 1948 male cohort
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9.2 - The usual complete life table is computed from the sequerggeaid an additional function of the
life table is the probability of survivab, =1- g, whichrepresents the probability that an individual exextl
years of age will survive to exact agelxthus we can also arrive k2] as follows

X-1

Sx) = IIp [7]
t=0

for any integex.

It is our purpose to compute and illustrétgpendix, tab. 1) thp(x.y) probabilities respecting the male
1948 cohortj.e. the probability that a newborn in(c=1948), who survived to the exact agéx= 0, 1,
...114), will still survive exact age (y = x+t; t = 1, 2,...; p(%X) = 1; p(%,115) = 0); figure 3 exhibits
graphically, age by age, these probabilities.

A life table is an example of a (finite) Markov chain (Chiang, 1968) ad.,y) may be expressed as the
product of two separate probabilities

P&Y) = pP0%2) p(z.y)



(X < Z: <y). A numerical example would pP(51045103) = p(R9489) P(9e45103)and the values in this
case are (Appendix, tab.1):

0,01753 = 0,99087 x 0,0177

9.3 - Theoretical angbractical survival modling in demography perfectly agree with the theore
approach developed in previous sections, so that both reinforce eacl

Fig. 3 - Probability that a live birth in 1948 surviving to the exact
age x — which happens in (1948+x) — will survive up to exact age y
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From [5] we have



19 pC%y) = g(y) —9(%)

and from the requirements for a survival functionca® see that fotgs = 0, Ig p(Xesy) = Ig S(y, i. €.
the logarithm of the survival function for the 1948 male cohort and it is the furygtipas found in part |,
section 4. The results of these calculations are shown i@ fand are obtained by the data in the firg of
the matrix in Appendix, tab. 1.

9.4 - All the p(xy) results arshown in figure 3 where the profile seems to rise in the very first years of life
because this cohort has experienced an elevated child atityrt later on thep(x,y) shape declines
progressively, particularly at old ages, when the survival curves show a rapid decline (fig. 3) and also the
longevity pattern of persons at the advanced ages drops too.

These survival curves could be described by the Weibull type survival function (C. Maccheroni, 1998,
Dugan et aR005) which can be expressed as

S(y) = exg-[( y - x)/m]’} (Y 2%; X 20, b, m > 0) [8]

wherex. is the “minimum life”, mis a scale parameter abhds a shape parameter. As the relationship [8]
does not perform well at younger ages, the curve [8] has been fitted to 1948 cohort survival experience (tab.
1) only at old agesx{> 60)where the curve fitting provides a valuable model

On the diagonal of the plarig,y) (fig. 3) there is the fixed sequence of minimum Xfe(x. >60), while
parameterd andm are to be estimated: this can be done by the least squares methol. aFiuen
estimates at each integervalue in the age group 60-85 have been evaluated this way.

The lines ofb(x.) (fig. 4) andm(x.) (fig. 5) plotted show quadratic relations that can be obtained by
regression analysis as follows:

b(x) = - 0,0002 ¢+ 0,0178 x + 1,8491 (R=0,9999)
mK) = 0,0073—1,7339 x + 103,12 (R=1)

R? values (0 <R < 1) provide results of the goodness-of-fit analyses.
So the p(x,Yy) survivalfunction in the age group 60-85 can be determiryetthd following equation

POY) = exp/-[(y - x)/ M) ] %) (9]
X. =60, 61, ..., 85; yX.

YIn fig. 3 the values of- axis run parallel to the axis itself, so as not to interfere withp{iey) curve.
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Fig. 4 - Shape parameter as a function of minimum life
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Fig. 5 - Scale parameter as a function of minimum life
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